Co-Frobenius Hopf Algebras: Integrals, Doi–Koppinen Modules and Injective Objects  by Dăscălescu, S et al.
Journal of Algebra 220, 542–560 (1999)
Article ID jabr.1999.7934, available online at http://www.idealibrary.com on
Co-Frobenius Hopf Algebras: Integrals, Doi–Koppinen
Modules and Injective Objects
S. Da˘sca˘lescu and C. Na˘sta˘sescu
University of Bucharest, Facultatea de Matematica˘, Str. Academiei 14, RO-70190,
Bucharest 1, Romania
E-mail: sdascal@al.math.unibuc.ro
E-mail: cnastase@al.math.unibuc.ro
and
B. Torrecillas*
Universidad de Almeria, Departamento Algebra y Analisis, 04071 Almeria, Spain
E-mail: btorreci@ualm.es
Communicated by Susan Montgomery
Received October 30, 1998
We investigate Hopf algebras with non-zero integral from a coalgebraic point of
view. Categories of Doi–Koppinen modules are studied in the special case where the
defining coalgebra is left and right semiperfect, and several pairs of adjoint functors
are constructed. As applications we give a very short proof for the uniqueness of
the integrals and provide information about injective objects in the category of
Doi–Koppinen modules. © 1999 Academic Press
INTRODUCTION
Hopf algebras with non-zero integrals appear in representation theory of
groups, topological groups, and quantum groups. Finite dimensional Hopf
algebras and cosemisimple Hopf algebras have non-zero integrals. In recent
papers [3, 2] large classes of other Hopf algebras with non-zero integrals
have been constructed. A left integral for the Hopf algebra H is an element
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t ∈ H∗, the dual of H, such that h∗t = h∗1t for any h∗ ∈ H∗. It turns out
that such a t is exactly a morphism of left H-comodules from H to k
(regarded with the usual comodule structures). This suggests a coalgebraic
approach to the study of Hopf algebras with non-zero integrals.
Thus we consider right semiperfect coalgebras, for which their category
of right comodules has enough projectives, and right co-Frobenius coalge-
bras C, for which there exists an injective morphism of right C∗-modules
from C to C∗. There are left-hand versions of these concepts, and the
properties of being co-Frobenius (resp. semiperfect) are not left–right sym-
metric. However, for a Hopf algebra H, if H has one of the properties
of being left semiperfect, right semiperfect, left co-Frobenius, or right co-
Frobenius, then H has all these properties and, moreover, this is equiva-
lent to H having non-zero left (or right) integrals. One first application
of the coalgebraic approach is the following. We show that a subcoal-
gebra of a left semiperfect coalgebra is left semiperfect; in particular, a
Hopf subalgebra of a Hopf algebra with non-zero integrals has non-zero
integrals.
If H is a Hopf algebra, A is a right H-comodule algebra, and C is a
left H-module coalgebra, then a Doi–Koppinen module (see [10, 13]) is
a space which is at once a left A-module and a right C-comodule, satis-
fying a certain compatibility relation. The category of such objects is de-
noted by AMC . Several module categories appear as special cases: the cat-
egory of Hopf modules defined by Sweedler [21], the category of relative
Hopf modules defined by Takeuchi [22], the category of modules graded
by a G-set [19], the category of Yetter–Drinfel’d modules (see [7, Theo-
rem 2.4]), the category of generalized two-sided two-cosided Hopf modules
[4, Proposition 2.2]. One can define a generalized smash product A]C∗,
and give a certain A]C∗-module structure to A⊗ C. Then AMC is equiv-
alent to σA]C∗ A ⊗ C, the smallest closed subcategory of the category
A]C∗M of modules over A]C∗ which contains the object A ⊗ C. The
study of general categories of Doi–Koppinen modules has been done in
several papers [10, 13, 23]. Our aim is to show that in the case where
the coalgebra C has some extra-properties (like being semiperfect, quasi
co-Frobenius or co-Frobenius), new information about the category AMC
can be provided. If the coalgebra C is left and right semiperfect, then
σA]C∗ A ⊗ C is a localizing subcategory of A]C∗M, and we denote by
tx A]C∗M → AMC the associated exact radical functor. We construct in
Section 3 left and right adjoint functors for t. We apply these in Section 4
to two problems. The first one is concerned with injective objects in AMC .
We prove in Theorem 4.3 that such an object is also injective as an A-
module, provided that the antipode of H is bijective. This generalizes re-
sults about graded modules from [19, 8, 5], but the proof, based on the
adjoint pairs constructed, is not an extension of the proof in the graded
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case. The second application is the uniqueness of the integrals. Left as an
open problem in Sweedler’s book [21], it was solved by Sullivan. However,
the proof was very long and technical. Other proofs have been done re-
cently in [20, 3]. We present here a very short coalgebraic proof, which
is evidence for the progress done in coalgebra theory during the last two
decades.
1. PRELIMINARIES
Throughout, we work over a field k. For basic definitions and facts about
coalgebras and Hopf algebras we refer to [21] and [17]. In particular the
comultiplication of a coalgebra C is denoted by 1c = P c1 ⊗ c2, and the
structure map of a right C-comodule M is denoted by ρm =Pm0 ⊗m1.
We write MC (resp. CM) for the category of right (resp. left) comodules
over the coalgebra C, and AM (resp. MA) for the category of left (resp.
right) modules over the algebra A. If H is a Hopf algebra, a right integral
of H is an element t ∈ H∗ such that th∗ = h∗1t for any h∗ ∈ H∗. The
space of right integrals is denoted by
R
r , and it is just HomMH H;k, where
k is regarded with the trivial H-comodule structure.
If A is a Grothendieck category and M is an object of A, then the smallest
closed subcategory of A containing M is denoted by σAM. This consists
of all objects of A subgenerated by M , i.e., objects that are subobjects of
quotients of direct sums of copies of M . In the case where A = AM for
some algebra A, we write σAM instead of σAM.
We recall now the definitions of some classes of coalgebras we will deal
with (see [14, 12]).
Definition 1.1. A coalgebra C is called:
(a) Right co-Frobenius, if there exists an injective morphism ϕx C →
C∗ of right C∗-modules.
(b) Right quasi co-Frobenius, if there exists an injective morphism
ϕx C → C∗I of right C∗-modules for some set I, or equivalently, if C
is a projective right C-comodule.
(c) Right semiperfect, if one of the following equivalent conditions
hold:
(i) Any finite dimensional right C-comodule has a projective
cover.
(ii) The category MC has enough projectives.
(iii) The injective envelope ES of any simple object S ∈ CM is
finite dimensional.
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(iv) The subspace C∗ratl (the rational part of C
∗ as left C∗-module)
is dense in C∗ in the finite topology.
One can define similarly the left-hand version of these concepts. It is
known that a right (left) co-Frobenius coalgebra is right (left) quasi co-
Frobenius, and a right (left) quasi co-Frobenius coalgebra is right (left)
semiperfect, but the converse implications are not true. Also, there are
examples showing that none of these concepts is left–right symmetric.
However, if H is a Hopf algebra, then H is right co-Frobenius (as a
coalgebra) if and only if H is left co-Frobenius if and only if H is right
semiperfect if and only if H is left semiperfect. Moreover, these are equiv-
alent to H having non-zero right (or left) integrals. In order to emphasize
the role of the coalgebra structure, Hopf algebras with non-zero integrals
will be called co-Frobenius Hopf algebras.
Let C be a coalgebra. Regard C as an object in MC , and write its socle
SocrC =
L
j∈J Sj as a direct sum of simple comodules. Since SocrC is
essential in C, and C is injective (see [9]), we have that C = ESocrC =L
j∈J ESj; therefore we can identify C∗ with
Q
j∈J ESj∗. Working simi-
larly on the left, if SoclC =
L
k∈K Tk, then C =
L
k∈K ETk, and C∗ can
be identified with
Q
k∈K ETk∗.
Theorem 1.2 ([3, 15, 23]). Let C be a left and right semiperfect coalge-
bra. Then
(i) C∗ratl = C∗ratr =
L
k∈K ETk∗ =
L
j∈J ESj∗ (we denote this by
C∗rat).
(ii) C∗rat is dense in C∗.
(iii) C∗rat is a ring with local units.
2. THE CATEGORY OF DOI–KOPPINEN MODULES
Let H be a Hopf algebra, let A be a right H-comodule algebra (the
comodule structure being denoted by a→ P a0 ⊗ a1), and let C be a left
H-module coalgebra (the action of h ∈ H on c ∈ C is denoted by h ⇀ c).
A Doi–Koppinen module is a k-space M which is a left A-module and a
right C-comodule (with structure map ρ) such that
ρam =X a0m0 ⊗ a1 ⇀m1;
for any a ∈ A, m ∈M . The category of Doi–Koppinen modules is denoted
by AMC , a morphism in this category being a linear map which is A-linear
and C-colinear. Note that AMk = AM and kMC =MC , where k is regarded
with the trivial algebra and coalgebra structures.
546 da˘sca˘lescu, na˘sta˘sescu, and torrecillas
Let αx A → A′ be a morphism of right H-comodule algebras, and let
βx C → C ′ be a morphism of left H-module coalgebras. We define the
functors A′ ⊗A –:AMC → A′MC ′ and – C ′Cx A′MC ′ → AMC as follows:
— If M ∈ AMC , then A′ ⊗A M ∈ A′MC ′ with the structures
b′a′ ⊗m = b′a′ ⊗m; a′ ⊗m→ a′0 ⊗m0 ⊗
(
a′1 ⇀ βm1

for a′; b′ ∈ A′, m ∈M .
— If M ′ ∈ A′MC ′ , then M ′ C ′C ∈ AMC with the structures
a
X
i
m′i ⊗ ci

= Xαa0m′i ⊗ a1 ⇀ ci;X
i
m′i ⊗ ci →
X
i
m′i ⊗ ci1 ⊗ ci2
for a ∈ A; Pi m′i ⊗ ci ∈M ′ C ′C.
Theorem 2.1 [6]. The functor A′ ⊗ A– is left adjoint of – C ′C.
We give now two applications of this pair of adjoint functors.
Proposition 2.2. Let C be a left semiperfect coalgebra. Then a subcoal-
gebra D of C is left semiperfect.
Proof. Let S ∈ MD be a simple object. Corestricting the scalars via the
inclusion D ⊆ C, we can regard S as a simple object in MC . Since C is
left semiperfect, ECS is finite dimensional. As a particular case of the
theorem we see that the corestriction of scalars coresx MD → MC is an
exact left adjoint of the functor – CDx MC →MD. This shows that – CD
takes injectives to injectives, in particular ECS CD ∈ MD is injective.
On the other hand, S embeds in S CD by the comodule structure map
of S, and S CD embeds in ECS CD, since – CD is exact. Thus S
embeds in the injective D-comodule ECS CD.
Now taking an exact sequence 0→ D→ C in CM and cotensoring with
ECS, we find an exact sequence 0 → ECS CD → ECS CC ∼=
ECS in CM; thus ECS CD is finite dimensional. We conclude that S
embeds in a finite dimensional injective D-comodule, thus EDS is finite
dimensional.
Corollary 2.3. A Hopf subalgebra of a Hopf algebra with non-zero in-
tegrals has itself non-zero integrals.
Remark 2.4. If H is a co-Frobenius Hopf algebra with the non-zero left
integral tx H → k, and L is a Hopf subalgebra of H, then the above corol-
lary shows that L is also co-Frobenius, i.e., L has non-zero integrals. How-
ever, a non-zero left integral of L is not necessarily obtained by restricting t
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to L, since this restriction could be zero. In order to give an example show-
ing that this can happen we take a co-Frobenius Hopf algebra H which is
not cosemisimple. Then H has a non-zero left integral t and t1 = 0. If
we consider L = k1H , then L is a Hopf subalgebra of H and the restric-
tion of t to L is zero. Thus L is co-Frobenius (from the above corollary,
or directly since L ' k), but its non-zero integral is not a restriction of an
integral of H to L.
Proposition 2.5. If C is right semiperfect, the category AMC has enough
projectives.
Proof. We know from the theorem that A⊗−xMC → AMC is a left ad-
joint of the forgetful functor U x AMC →MC . LetM ∈ AMC and P be a pro-
jective object in MC such that P → UM → 0. Since U is exact, A⊗– takes
projectives in projectives, in particular A ⊗ P is projective in AMC . Since
A⊗– is right exact, we have an exact sequence A⊗ P → A⊗UM → 0.
On the other hand, the morphism A⊗UM →M resulting from the ad-
junction is just the A-module structure map of M , hence surjective. We
obtain an exact sequence A⊗ P →M → 0 in AMC .
Keeping the notation from the beginning of the section, the smash prod-
uct A]C∗ is the space A⊗ C∗ with the multiplication defined by
a ] c∗b ] d∗ =X ab0 ] c∗ ↼ b1d∗;
where ↼ is the right action of H on C∗ induced by ⇀.
The unit of A]C∗ is 1 ] C , and the mappings a→ a ] C and c∗ → 1 ] d∗
define algebra embeddings of A and C∗ in A]C∗.
Lemma 2.6. A]C∗ is a free left A-module. If H has bijective antipode,
then A]C∗ is a free right A-module.
Proof. The map ux A]C∗ → A ⊗ C∗ defined by ua ] c∗ = a ⊗ c∗ is
clearly an isomorphism of left A-modules, which checks the first part of the
statement. Assume now that the antipode S of H is bijective, with inverse S.
The right action of A on A]C∗ is given by a ] c∗ ← b = P ab0 ] c∗ ↼
b1. Let f x C∗ ⊗A→ A]C∗, f c∗ ⊗ a =
P
a0 ] c∗ ↼ a1. Then
f c∗ ⊗ a ← b = f c∗ ⊗ ab
=X a0b0 ] c∗ ↼ a1b1
=X(a0 ] c∗ ↼ a1← b
= f c∗ ⊗ a ← b:
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Thus f is a morphism of right A-modules, where C∗ ⊗ A is a right A-
module by the action c∗ ⊗ a ← b = c∗ ⊗ ab. Define gx A]C∗ → C∗ ⊗A
by ga ] c∗ =Pc∗ ↼ Sa1 ] a0. Then
gf c∗ ⊗ a =X g(a0 ] c∗ ↼ a1
=X(c∗ ↼ a2Sa1⊗ a0
= c∗ ⊗ a
and
fga ] c∗ =X f (c∗ ↼ Sa1⊗ a0
=X a0 ] (c∗ ↼ Sa2a1
= a ] c∗:
Thus f is invertible. Hence A]C∗ ∼= C∗ ⊗ A, which is a free right A-
module.
The space A⊗ C is a Doi–Koppinen module, with the A-module struc-
ture given by ab⊗ c =P a0b⊗ a1 ⇀ c.
A Doi–Koppinen module M has a natural structure of a left A]C∗-
module by
a ] c∗m =X c∗m1am0:
This defines a functor Gx AMC → A]C∗M, which acts as identity on mor-
phisms. By [16, Lemma 3.9], ImG = σA]C∗ A ⊗ C, and G induces an
equivalence between the categories AMC and σA]C∗ A⊗C. We will freely
regard an object M ∈ AMC with both these structures. We can give one
more description of this category.
Proposition 2.7. σA]C∗ A⊗C is the full subcategory of A]C∗M consist-
ing of all objects that are rational C∗-modules (by restricting the scalars).
Proof. If M ∈ σA]C∗ A⊗C, we have seen that M ∈ AMC . Then c∗m =
1 ] c∗m = P c∗m1m0, thus the C∗-module structure is the one induced
by the right C-comodule structure, hence it is rational.
Let now M ∈ A]C∗M, which is rational as a C∗-module. Then M ∈ MC
such that
P
c∗m1m0 = c∗m = 1 ] c∗m for any c∗ ∈ C∗; m ∈ M; and
m ∈ AM by am = a ] Cm, for a ∈ A; m ∈M . In order to show that M ∈
AM
C , it is enough to see that
P
c∗am1am0 =
P
c∗a1 ⇀ m1a0m0,
for any a ∈ A; m ∈M; c∗ ∈ C∗. ButX
c∗am1am0 = c∗am
= 1 ] c∗a ] Cm
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=Xa0 ] c∗ ↼ a1m
=Xa0 ] C1 ] c∗ ↼ a1m
=X a0c∗ ↼ a1m
=Xc∗ ↼ a1m1a0m0
=X c∗a1 ⇀m1a0m0:
If M ∈ C∗M, we denote by Mrat the rational part of M , i.e., the largest
rational C∗-submodule of M . Note that C∗ratM ⊆ Mrat, where C∗rat is the
rational part of C∗ as a left C∗-module. Indeed if c∗ ∈ C∗rat, m ∈ M , and
d∗ ∈ C∗, then d∗c∗m = d∗c∗m =Pd∗c∗1c∗0m; thus c∗m ∈Mrat.
Lemma 2.8. Let M ∈ A]C∗M. Then Mrat ∈ σA]C∗ A⊗ C.
Proof. It is well known that Mrat ∈ MC . Then for any a ∈ A, m ∈ M ,
and c∗ ∈ C∗, we have
c∗am = 1 ] c∗a ] Cm
=Xa0 ] c∗ ↼ a1m
=Xa0 ] C1 ] c∗ ↼ a1m
=X a0c∗ ↼ a1m
=Xc∗ ↼ a1m1a0m0
=X c∗a1 ⇀m1a0m0;
which shows that am ∈Mrat and M ∈ AMC .
Lemma 2.9. Assume that C is a left and right semiperfect coalgebra. Then:
(i) If M ∈ C∗M, then Mrat = C∗ratM .
(ii) σA]C∗ A⊗ C is a localizing subcategory of A]C∗M.
(iii) The radical associated to the localizing subcategory σA]C∗ A⊗C,
and the identification of σA]C∗ A ⊗ C and AMC produce an exact functor
tx A]C∗M→ AMC , given by tM = C∗ratM:
(iv) If the coalgebra C is left and right quasi co-Frobenius, then C ⊗A
is a projective generator of AMC .
Proof. (i) We already know that C∗ratM ⊆ Mrat. Let now m ∈ Mrat
and νm =Pm0 ⊗m1, where ν is the right C-comodule structure map of
Mrat. Since C∗rat is dense in C∗, there exists c∗ ∈ C∗rat acting as  on the
finite subspace generated by the m1’s. Then m = c∗m ∈ C∗ratM .
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(ii) It remains to show that σA]C∗ A⊗C is closed under extensions.
Let 0→ N → M → P → 0 be an exact sequence of A]C∗-modules such
that N; P ∈ σA]C∗ A⊗ C. Then N = C∗ratN and P = C∗ratP , and it can
be easily seen that these imply M = C∗ratM , i.e., M ∈ σA]C∗ A⊗ C.
(iii) Obvious.
(iv) Let M ∈ AMC . By [12, Theorem 2.6], C is a projective generator
in the category MC . Then regarding M as an object in MC , we have a
surjective morphism of C-comodules CI →M for some set I. The functor
A⊗ –x MC → AMC has a right adjoint, so it is right exact and commutes
with direct sums. We obtain a surjection A⊗ CI ' A⊗ CI → A⊗M .
Composing this with the module structure map A ⊗M → M of M , we
obtain a surjective morphism A ⊗ CI → M in AMC . Thus A ⊗ C is a
generator. Since the functor A⊗– takes projectives to projectives (as a left
adjoint of an exact functor), A⊗ C is projective.
Remark 2.10. In the case where C is left and right semiperfect, there
is another interesting smash product, the subring A ⊗ C∗rat + A ⊗ k1 of
A]C∗. This is much smaller than A]C∗ (if C is infinite dimensional).
Many of the results that hold for A]C∗ also can be proved for this smaller
smash product, so sometimes it might be very useful to work with A ⊗
C∗rat +A ⊗ k1 instead of A]C∗, since it is easier to deal with a smaller
ring. This is well known in the graded case, where C = H = kG, G a group,
when A⊗ C∗rat +A⊗ k1 is Quinn’s smash product.
We end this section by making some remarks about categories of Doi–
Koppinen modules where both the action and the coaction are from the
right. As we will explain, there are some things behaving slightly different
if we compare to the case where the action is from the left and the coaction
is from the right.
Let H be a Hopf algebra, let A be a right H-comodule algebra, and
let C be a right H-module coalgebra. We denote by MCA the category con-
sisting of all objects M that are at once a right A-module and a right C-
comodule (with comodule structure map denoted by ρ), such that ρma =P
m0a0 ⊗m1 ↼ a1 for any m ∈M; a ∈ A. The main result in [6] says that
if βx A→ A′ is a morphism of right H-comodule algebras and δx C → C ′ is
a morphism of left H-module coalgebras, then we have a functor F x MCA→
MC
′
A′ and a right adjoint Gx MC
′
A′ →MCA of F , defined as follows.
— If M ∈MCA, then FM =M ⊗ AA′, with the module and comodule
structures given by
m⊗ a′b′ = m⊗ a′b′; m⊗ a′ 7→Xm0 ⊗ a′0 ⊗ (δm1↼ a′1:
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— If M ′ ∈MC ′A′ , then GM ′ =M ′ C ′C with the module and comod-
ule structures given byX
m′i ⊗ ci

a =Xm′iβa0 ⊗ ci ↼ a1;Xm′i ⊗ ci 7→Xm′i ⊗ ci 1 ⊗ ci 2:
In particular, the forgetful functor U x MCA → MA has a right adjoint
Sx MA → MCA, and the forgetful functor U ′x MCA → MC has a left adjoint
T x MC →MCA. If the antipode of H is bijective, then [6, Examples 1 and 2,
page 79] shows that the objects T C and SA are isomorphic. If the an-
tipode is not bijective, these objects are not necessarily isomorphic, but we
will show that they generate the same closed subcategory of A]C∗M. We first
prove in a more general situation a result giving another characterization
for the closed subcategory generated by an object. Let A be a Grothendieck
category and let M be an object of A. We know that the closed subcategory
σAM generated by M consists of all subobjects of quotient objects of di-
rect sums of copies of M . Let σ ′AM be the full subcategory of A consisting
of all quotient objects of subobjects of direct sums of copies of M .
Lemma 2.11. We have that σAM = σ ′AM.
Proof. The definition tells us that an object Y ∈ A is in σ ′AM if and
only if there exist a set I, a subobject of MI, and a morphism f x X → Y
with Imf  = Y . Since σAM is closed under direct sums, subobjects, and
quotient objects, we obviously have that σ ′AM ⊆ σAM.
Since M ∈ σ ′AM and σAM is the smallest closed subcategory contain-
ing M , in order to prove that σAM ⊆ σ ′AM, it is enough to show that
σ ′AM is closed. Clearly σ ′AM is closed under direct sums and homomor-
phic images. Assume that Y ∈ σ ′AM (with I, f , and X as above) and let
Y ′ be a subobject of Y . Then X ′ = f−1Y ′ is a subobject of MI, and
Y ′ is a homomorphic image of X ′ (via the restriction and the corestriction
of f ). Thus Y ′ ∈ σ ′AM, so σ ′AM is also closed under subobjects.
Proposition 2.12. If we regard SA and T C as objects in A]C∗M,
then we have σA]C∗ SA = σA]C∗ T C, and these subcategories can be
identified with MCA.
Proof. The fact that σA]C∗ SA can be identified with MCA is
known (see [6, Remark, p. 93]). In particular T C ∈ σA]C∗ SA, thus
σA]C∗ T C ⊆ σA]C∗ SA. Let now M ∈ MCA = σA]C∗ SA. It is easy
to check that the map ϕx M ⊗A→ M , ϕm⊗ a = ma is a morphism in
the category MCA, hence a morphism of A]C
∗-modules. On the other hand,
T is clearly left exact and it commutes with direct sums as a left adjoint
functor. Regard M as a right C-comodule. Then M is isomorphic to a sub-
comodule of CI for some set I. Apply T and find that M ⊗A is isomorphic
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to a subobject of CI ⊗A ' C ⊗AI = T CI in the category A]C∗M,
so M ∈ σ ′A]C∗ T C. We thus showed that σA]C∗ SA ⊆ σ ′A]C∗ T C,
and everything follows now from Lemma 2.11.
Remark 2.13. Let us note that the situation is different if we work with
categories of Doi–Koppinen modules of the form AMC . In this case, if
S′ = –⊗Cx AM → AMC is the right adjoint of the forgetful functor, and
T ′ = A⊗–x MC → AMC is the left adjoint of the forgetful functor, then
the objects S′A and T ′C are always isomorphic, no matter whether the
antipode of H is bijective or not. Indeed, it is easily checked that the map
ϕx T ′C → S′A, ϕa ⊗ c = P a0 ⊗ a1 ⇀ c is an isomorphism, with
inverse given by ϕ−1a ⊗ c = P a0 ⊗ Sa1 ⇀ c, where S is here the
antipode of H.
3. SOME PAIRS OF ADJOINT FUNCTORS
We assume as in the end of the previous section that the coalgebra C
is left and right semiperfect. Then the radical functor tx A]C∗ −Mod→
AM
C is exact, and it obviously commutes with direct sums. By a classical
result of Gabriel (see [11]), we know that t has a right adjoint. In this
section we give an explicit description of such an adjoint which will be very
useful in applications.
Lemma 3.1. Let v∗ ∈ C∗rat and h ∈ H. Then:
(i) For c∗ ∈ C∗, Pv∗c∗0 ⊗ v∗c∗1 =P v∗0c∗ ⊗ v∗1 .
(ii) v∗ ↼ h ∈ C∗rat and Pv∗ ↼ h0 ⊗ v∗ ↼ h1 = Pv∗0 ↼ h2 ⊗
Sh1⇀ v∗1 (where by v∗ → v∗0 ⊗ v∗1 we denote the right C-comodule struc-
ture of C∗rat induced by the rational left C∗-structure of C∗rat).
Proof. (i) If d∗ ∈ C∗, we have d∗v∗c∗ = d∗v∗c∗ =Pd∗v∗1v∗0c∗.
(ii) Let c∗ ∈ C∗ and c ∈ C. We have
c∗v∗ ↼ hc =X c∗c1v∗h ⇀ c1
=X c∗Sh1h2 ⇀ c1v∗h3 ⇀ c2
=Xc∗ ↼ Sh1v∗h2 ↼ c
=Xc∗ ⇀ Sh1v∗1v∗0h2 ⇀ c
=
X
c∗Sh1⇀ v∗1v∗0 ↼ h2

c:
Therefore c∗v∗ ↼ h = P c∗Sh1⇀ v∗1v∗0 ↼ h2, which proves every-
thing.
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Lemma 3.2. (i) Let M ∈ AMC . Then HomC∗C∗rat;M is a left A]C∗-
module by (a ] c∗f v∗ =X a0f (v∗ ↼ a1c∗
for any f ∈ HomC∗C∗rat;M, a ] c∗ ∈ A]C∗; and v∗ ∈ C∗rat.
(ii) If ϕx M → P is a morphism in AMC , then the induced application
ϕx HomC∗ C∗rat;M → HomC∗C∗rat; P is a morphism of A]C∗-modules.
Proof. (i) We first show that a ] c∗f is a morphism of C∗-modules.
Indeed
d∗
(a ] c∗f v∗ =Xd∗(a0f v∗ ↼ a1c∗
=Xd∗(a1f v∗ ↼ a2c∗1a0f (v∗ ↼ a2c∗0
=Xd∗(a1v∗ ↼ a2c∗1a0f (v∗ ↼ a2c∗0
(since f is a morphism of right C-comodules)
=Xd∗a1v∗ ↼ a21a0f v∗ ↼ a20c∗
(by Lemma 3.1(i))
=Xd∗(a1Sa2⇀ v∗1a0f (v∗0 ↼ a3c∗
(by Lemma 3.1(ii))
=Xd∗v∗1a0f (v∗0 ↼ a1c∗
=X a0f (d∗v∗↼ a1c∗
= (a ] c∗f d∗v∗
To see that the action defines a left A]C∗-module, we have(a ] c∗b ] d∗f v∗ =X a0(b ] d∗f (v∗ ↼ a1c∗
=X a0b0f ((v∗ ↼ a1c∗↼ b1d∗
=X a0b0f (v∗ ↼ a1b1c∗ ↼ b2d∗
=X(ab0 ] c∗ ↼ b1d∗f v∗
= (a ] c∗b ] d∗f v∗
(ii) If f ∈ HomC∗C∗rat;M, we have
ϕa ] c∗f v∗ = ϕ(a ] c∗f v∗
=Xϕ(a0f v∗ ↼ a1c∗
=X a0ϕ(f v∗ ↼ a1c∗
= (a ] c∗ϕf v∗:
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The structure defined in the previous lemma defines a functor
F x AMC → A]C∗M; FM = HomC∗C∗rat;M:
Lemma 3.3. Let N ∈ A]C∗M. Then the map γN x N → FtN =
HomC∗C∗rat; tN, γNnv∗ = v∗n, is a morphism of A]C∗-modules.
Proof. We have that
γN
(a ] c∗nv∗ = 1 ] v∗a ] c∗n =X(a0 ] v∗ ↼ a1c∗n
and
a ] c∗γNnv∗ =
X
a0γNnv∗ ↼ a1c∗
=X a0v∗ ↼ a1c∗n
=Xa0 ] v∗ ↼ a1c∗n:
Lemma 3.4. Let M ∈AMC . Then the map δM : tFM→M , δMv∗f =
f v∗ for any v∗ ∈ C∗rat, f ∈ FM = HomC∗C∗rat;M, is an isomorphism
in the category AMC .
Proof. We first show that δM is well defined. Let
P
i v
∗
i fi =
P
j v
∗
j gj ∈
tFM = C∗HomC∗C∗rat;M, with v∗i ; u∗j ∈ C∗; fi; gj ∈ FM. Since
v∗i ; u
∗
j ∈ C∗rat, there exits d∗ ∈ C∗rat such that d∗v∗i = v∗i for any i and
d∗u∗j = u∗j for any j (it is enough to take some d∗ such that d∗ acts as C
on all v∗i 1 and u∗j 1; this is possible since C∗rat is dense in C∗). ThenX
i
fiv∗i  =
X
i
fid∗v∗i 
=X
i
v∗i fid∗
=X
j
u∗j gjd∗
=X
j
gjd∗u∗j 
=X
j
gju∗j y
thus the definition of δM is correct.
Since δMc∗v∗f  = δMc∗v∗f  = f c∗v∗ = c∗f v∗ = c∗δMv∗f , δM
is a morphism of C∗-modules, thus a morphism of C-comodules.
Finally, we prove that δM is a morphism of A-modules. Let v∗ ∈ C∗rat,
f ∈ HomC∗C∗rat;M, and a ∈ A. We want δMav∗f  = aδMv∗f .
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Since av∗f  ∈ C∗ratHomC∗C∗rat;M, there exits w∗ ∈ C∗rat and g ∈
HomC∗C∗rat;M, such that av∗f  = w∗g. This means that
P
a0f d∗ ↼
a1v∗ = gd∗w∗ for any d∗ ∈ C∗rat. Then δMav∗f  = δMw∗g = gw∗
and aδMv∗f  = af v∗. We know that C∗rat =
L
p∈P ENp∗; thus there
exists a finite subset P0 of P such that v∗ ∈
L
p∈P0 ENp∗. Denot-
ing by ENp1 the space spanned by all the c1’s with c ∈ ENp, and
1c = P c1 ⊗ c2, all the spaces a1 ⇀ ENp1, p ∈ P0, are finite dimen-
sional; thus there exits a finite subset J ∈ P such that a1 ⇀ ENp are
contained in
L
p∈J Np, and all w
∗
1 ∈
L
p∈J Np.
Take d∗ ∈ C∗rat, which is C on any ENp, p ∈ J. Then for c ∈ ENp;
p /∈ P0; and any a1 we have d∗ ↼ a1v∗c =
P
d∗a1 ⇀ c1v∗c2 = 0
(since v∗c2 ∈ v∗ENp = 0) and for any c ∈ ENp, p ∈ P0; and any
a1; (d∗ ↼ a1v∗c =Xd∗a1 ⇀ c1v∗c2
=X C(a1 ⇀ c1v∗c2
= Ca1v∗c:
Therefore d∗ ↼ a1v∗ = a1v∗ for any a1, and
P
a0f d∗ ↼ a1v∗ =P
a0f a1v∗ = af v∗. On the other hand,
d∗w∗ =Xd∗w∗1w∗0 =X w∗1w∗0 = w∗;
thus
aδMv∗f  = af v∗
=X a0f d∗ ↼ a1v∗
= gd∗w∗
= gw∗
= δMw∗g
= δMav∗f :
We show that δM is injective. Indeed, let
P
i v
∗
i fi ∈ tFM such that
δM
P
i v
∗
i fi = 0. Then for any v∗ ∈ C∗rat we haveX
i
v∗i fi

v∗ =X
i
fiv∗v∗i  =
X
i
v∗fiv∗i  = v∗δM
X
i
v∗i fi = 0;
thus
P
i v
∗
i fi = 0. To show that δM is surjective, let m ∈ M , choose some
d∗ ∈ C∗rat such that d∗m = m, and let f ∈ HomC∗C∗rat;M be defined by
f c∗ = c∗m for any c∗ ∈ C∗rat. Then clearly m = d∗m = f d∗ = δd∗f ,
which ends the proof.
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Theorem 3.5. Let H be a Hopf algebra, let C be a left H-module coal-
gebra which is left and right semiperfect, and let A be a right H-comodule
algebra. Then the functor F x AMC → A]C∗M, FM = HomC∗C∗rat;M is
a right adjoint of the radical functor tx A]C∗M→ AMC , tN = C∗ratN .
Proof. Let N ∈ A]C∗M and M ∈ AMC , and define the maps
αx HomCA
(
tN;M→ HomA]C∗(N;HomC∗C∗rat;M;
βx HomA]C∗
(
N;HomC∗C∗rat;M
→ HomCAtN;M
by αp = HomC∗C∗rat; pγN for p ∈ HomCAtN;M, and βq = δMq
for q ∈ HomA]C∗N;HomC∗C∗rat;M. Thus
αpnv∗ = pγNnv∗ = pv∗n
for any n ∈ N; v∗ ∈ C∗rat, and
βqv∗n = δMqv∗n = δMv∗qn = qnv∗:
We have that
βαpv∗n = βαpv∗n = αpnv∗ = pv∗n
and
αβqnv∗ = αβqnv∗ = βqv∗n = qnv∗;
showing that α and β are inverse to each other, and this ends the proof.
It is easy to see that t has also a left adjoint.
Proposition 3.6. The functor Gx AMC → A]C∗M, GM = M regarded
with the A]C∗-module structure, is a left adjoint of t.
Proof. Let M ∈ AMC and N ∈ A]C∗M. We obviously have
HomA]C∗GM;N ∼= HomCAM; tN
since a homomorphic image of a rational C∗-module through a morphism
of C∗-modules is a rational C∗-module.
Corollary 3.7. If M is a projective object in AMC , then M is also pro-
jective as an A]C∗-module.
Proof. The functor G has an exact right adjoint, and a classical result
tells us that G takes projectives to projectives.
Remark 3.8. The result in the previous corollary was proved in [12,
Lemma 2.1] in the case where A = k and C is right semiperfect.
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We have that A]C∗rat is a two-sided ideal of A]C∗, and denote by
A]C∗ the factor ring.
Proposition 3.9. Kert is a localizing subcategory of A]C∗M, which is
equivalent to the category A]C∗M, and the quotient category A]C∗M/Kert is
equivalent to the category AMC .
Proof. Since t is an exact left adjoint of F , and the unit of the adjunction
δx tF → Id is an isomorphism, a classical result of Gabriel tells us that
Kert is a localizing subcategory of A]C∗M, and there is an equivalence
of categories A]C∗M/Kert ' AMC . On the other hand, Kert = M ∈
A]C∗M  C∗ratM = 0, and this is clearly equivalent to A]C∗M.
Proposition 3.10. The quotient category A]C∗M/σA]C∗ A⊗C is equiv-
alent to the category A]C∗M.
Proof. We know that σA]C∗ A ⊗ C is a localizing subcategory of
A]C∗M, and let
U x A]C∗M→ A]C∗M/σA]C∗ A⊗ C;
V x A]C∗M/σA]C∗ A⊗ C → A]C∗M
be the canonical functors (see [11, Chapter III]). U is an exact functor, and
V is a right adjoint of U . Let
8x UV → Id; 9x Id→ VU
be the natural transformations induced by this pair of adjoint functors. Then
8 is an isomorphism and for any M ∈ A]C∗M we have an exact sequence
0→ Ker9M →M → VUM → Coker9M → 0
with Ker9M; Coker9M ∈ σA]C∗ A ⊗ C. In particular, if M is
σA]C∗ A⊗ C-torsion-free, we obtain an exact sequence
0→M → VUM → Coker9M → 0:
Since VUM is σA]C∗ A⊗ C-torsion-free, we have that A]C∗ratVU
M = 0, thus A]C∗ratCoker 9M = 0. But Coker9M ∈ σA]C∗
A ⊗ C shows that A]C∗rat Coker9M = Coker9M, hence
9M is an isomorphism. This shows that A]C∗M/σA]C∗ A⊗C ' A]C∗M.
Remark 3.11. The results of the last two propositions can be presented
by two “exact sequences of categories”
0→ A]C∗M→ A]C∗M→ AMC → 0;
0→ AM→ A]C∗M→ A]C∗M→ 0:
In the graded case, where C = H = kG, G a group, these sequences have
been given in [1] and [18].
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4. APPLICATIONS
All over this section we assume that the coalgebra C is left and right
semiperfect.
Lemma 4.1. Let M ∈ AMC . Then the map γM x M → HomC∗C∗rat;M,
γMmv∗ = v∗m =
P
v∗m1m0 for any m ∈ M; v∗ ∈ C∗rat, is an injective
morphism of A]C∗-modules.
Proof. We already know from Lemma 3.3 that γM is a morphism of
modules. The fact that it is injective follows obviously from the density of
C∗rat in C∗.
We say that a right C-comodule M has finite support if there exists a
finite dimensional subspace X of C such that ρMM ⊆ M ⊗ X, where
ρM xM →M ⊗C is the comodule structure map of M . An object M ∈ AMC
has finite support if M has finite support as a C-comodule. We prove now
a key lemma.
Lemma 4.2. If M ∈ AMC has finite support, then γM is an isomorphism
of A]C∗-modules.
Proof. Let ρMM ⊆ M ⊗X with X a finite dimensional subspace of
C, and let K be a finite subset of J such that X ⊆Lt∈K EMt. If j ∈ C∗
is  on EMj and zero on any EMt, t 6= j, then obviously jX = 0
for j /∈ K, thus jM = 0. Let ϕ ∈ HomC∗C∗rat;M, and j /∈ K. We have
ϕj = ϕ2j  = jϕj ∈ jM = 0. Thus ϕ
L
j 6∈K C
∗j = 0.
Let m = Pt∈K ϕt. Then for j /∈ K, γMmj = jm = 0 = ϕj,
and for j ∈ K, γMmj = jm =
P
t∈K jϕt = ϕj, showing that
γMm = ϕ. Therefore γM is surjective.
Theorem 4.3. Let H be a Hopf algebra with bijective antipode, and as-
sume that the coalgebra C is left and right semiperfect. If M ∈ AMC is an
injective object with finite support, then M is injective as an A-module.
Proof. Since F has an exact left adjoint, we have that FM is an in-
jective A]C∗-module. Lemma 4.1 shows that FM ∼= M , thus M is an
injective A]C∗-module. On the other hand, the restriction of scalars, Res,
from A]C∗M to AM has a left adjoint A]C∗ ⊗A –:AM→ A]C∗M, and this
is exact, since A]C∗ is a free right A-module. Thus Res takes injective
objects to injective objects. In particular M is injective as an A-module.
Theorem 4.4. Let C be a left co-Frobenius coalgebra which is also right
semiperfect, and M a finite dimensional right C-comodule. Then we have
dimkHomC∗C;M ≤ dimkM.
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Proof. We know that there exists an injective morphism of left C∗-
modules θx C → C∗. But C is a rational left C∗-module, so Im θ ⊆ C∗rat.
Regard θx C → C∗rat as an injective morphism in MC , then the fact that C
is an injective object in MC shows that C is a direct summand of C∗rat,
and so there is a surjective morphism of k-spaces HomC∗C∗rat;M →
HomC∗C;M. Since M has finite support, HomC∗C∗rat;M ∼= M , thus
dim HomC∗C;M ≤ dimkM.
Corollary 4.5. Let H be a co-Frobenius Hopf algebra. Then dimk
R
r =
1.
Proof. Apply Theorem 4.4 for C = H and M = k, regarded as an H-
comodule in the obvious way. We find that dimk HomH∗H;k ≤ 1. But
HomH∗H;k =
R
r , which ends the proof.
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